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Failure assessment of the integrity of a ductile flawed structural component is done currently by a one-
parameter fracture mechanics approach. The J-integral is the one-parameter used; it has proven to be
useful in order to predict ductile crack initiation. However, when tension loading dominates and/or a fully
plastic condition develops around the crack, the J-integral alone does not describe completely the crack-tip
stress field and a second parameter is needed. In this work, an accurate modeling of the elastic-plastic stress
field around a deep crack in a three-dimensional three-point bend specimen is carried out. Numerical
results for the crack-tip stress field are used to evaluate a crack-tip constraint parameter Q, in terms of
applied loading, from contained plasticity to large-scale yielding. The parameter Q, measures the degree of
stress triaxiality and constraint around the crack-tip. In order to obtain the stresses in the near-crack-tip
field with high accuracy, a detailed mesh with higher order three-dimensional finite elements is located
around the crack front. The modeling of crack-tip blunting deformation is performed by using a small
notch radius in the crack-tip. Large-strain and finite-rotation nonlinear behavior effects around the crack-
tip are included. The material, an ASTM A 516 steel, is modeled with incremental theory of plasticity.
Numerical results of the Q triaxiality parameter are presented for increasing level loads to obtain an
extended yield condition. Additional results of J-integral parameter and crack-tip opening displacement,
for different load ratios and for different position across the specimen thickness are shown.

Keywords constraint effects, finite element analysis, fracture
mechanics

1. Introduction

Failure assessment of the integrity of a flawed structure
has been based on the dominance of asymptotically singular
crack-tip field, characterized by a single parameter, such as
the J-integral. The singular crack-tip solution for a nonlinear
material, obtained by Hutchinson (Ref 1) and Rice and
Rosengren (Ref 2), is referred as the HRR singularity field.
The J-integral parameter measures the intensity of the crack-tip
stress/deformation fields around the crack-tip and has been
proven by Begley and Landes (Ref 3) to be a viable parameter
for predicting ductile crack initiation and growth under
monotonic loading. There is general agreement that the
applicability of this one-parameter approach is limited to a
high crack-tip constraint, which is often related to high stress
triaxiality at the crack-tip. Hence, the region around the crack
can be adequately described by the HRR singularity field for
loads ranging from small-scale yielding to moderate large-scale
plasticity (Ref 4).

However, for specimens with a low crack-tip constraint, the
dominance of single-parameter based singular fields exists only
at small plasticity. At large plasticity, the crack-tip triaxiality of

low-constraint specimens is lower than the predicted by the
single-parameter based singular fields. Consequently, such
specimens often exhibit higher fracture toughness than high-
constraint specimens if the fracture process occurs after large
plastic deformation. This behavior, referred to as constraint
effects in fracture, is evidenced by a tendency for a given
material to show variations in the value of J at the onset of
fracture as the specimen geometry and loading configuration
are changed (Ref 5).

ASTM E-1820-99 (Ref 6) standards for fracture toughness
evaluation of JIC require sufficient specimen thickness to
produce predominantly plane strain conditions at the crack-tip.
These restrictions are designed to insure the existence of severe
conditions for fracture as described by the HRR asymptotic
fields. However, many important flawed structures show a low
crack-tip constraint, which leads to a very conservative
prediction of structural integrity based on laboratory fracture
toughness values. Consequentially, modern approaches in
fracture mechanics are aimed to consider that constraint of
the fracture test specimen approximates that of the structure to
provide a more realistic toughness for use in the assessment of
structural integrity.

In the last few years, considerable efforts have been made to
analyze the effect of constraint in fracture (Ref 7). Some
important contributions have been done by O�Dowd and Shih
(Ref 8, 9), Betegon and Hancock (Ref 10), Hancock et al. (Ref
11), Dodds et al. (Ref 12), and Wang and Parks (Ref 13). In the
O�Dowd and Shih (Ref 8, 9) approach, a second parameter Q is
used to measures the degree of triaxiality and constraint of the
crack-tip stress field. Hence, the J-Q methodology gives a
characterization of the crack-tip field stress-field, with a Q
parameter, which determines the crack-tip stress triaxiality and
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a J-parameter setting the stress level and the size scale over
which large stresses and strains develop.

Constraint effects in fracture are closely related to the crack-
tip behavior, which is complex due to several reasons. The
fracture process zone occurs very close to the crack-tip where
finite strain and high gradient stress/strain exist. In addition, a
finite deformation blunting of the crack-tip exists and hence,
small strain theory does not model blunting correctly. Strain
gradients that develop around a crack front cause deformation
in the local region to be constrained by the surrounding
material. The level of constraint depends upon the crack
configuration and crack location relative to external boundaries.
Finally, constraint effects produce a three-dimensional crack-tip
stress field, which differs from those in plane strain and plane
stress, and strongly influence fracture behavior. Therefore, for a
clearly understanding of the three-dimensional crack-tip field
behavior, a full and detailed three-dimensional finite element
analysis needs to be done.

This paper presents a detailed three-dimensional finite
element analysis for the elastic-plastic stress field around a
deep crack in a three-point bend specimen. Numerical results
are used to evaluate the evolution of the constraint Q parameter,
for a loading situation ranging from small- to large-scale
yielding. An accurate modeling of crack-tip blunting deforma-
tion was done by using a small notch radius in the crack-tip.
Large-strain and finite-rotation effects around the crack-tip
were included. The material, an A-516 steel Gr. 70, is modeled
with incremental theory of plasticity. Additional results of
J-integral parameter and crack-tip opening displacement
(CTOD) in terms of load ratios are presented for different
position across the thickness.

2. J-Q Description of Crack-Tip Stress Field

The general elastic-plastic behavior of hardening material
described by the Ramberg-Osgood power-law stress-strain
relation can be written as

e
e0
¼ a

r
r0

� �n

ðEq 1Þ

where n is the strain hardening exponent, a is a material
constant, r0 is the yield stress, and e0 is the yield strain given
by r0/E, with E the Young�s modulus.

Based on asymptotic and finite element results, for distances
sufficiently close to the crack-tip but still outside of the zone of
finite strain, O�Dowd and Shih (Ref 8, 9) proposed the
following representation for the plane strain crack-tip stresses:

rij
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¼ J

ar0e0Inr
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J=r0

� �q
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where r and h are the local cylindrical coordinates centered at
the crack-tip. The normalizing factor In and the angular
distribution of the dimensionless constants /ij(h,n) and wij(h,n)
are functions of the strain-hardening exponent n. The first term
in the above expansion correspond to the HRR field, after
Hutchinson (Ref 1) and Rice and Rosengren (Ref 2), with the
J-integral parameter as amplitude. The dimensionless parameter
Q measures the amplitude of the second term.

Further numerical results of O�Dowd and Shih (Ref 8, 9)
show that the second term is essentially independent of the
radial distance, jqj � 1, and the corresponding wij(h,n) func-
tions do not depend on h. This means that the second term of
the above expansion acts like a uniform hydrostatic stress in the
sector. Hence, relation (2) may be written as

rij

r0
¼ ðrijÞHRR

r0
þ Q � dij ðEq 3Þ

where (rij)HRR is the HRR asymptotic stress field and Q
represents a triaxiality parameter. A negative Q means that the
hydrostatic stress is reduced (low stress constraint) in compar-
ison with the reference state (HRR field), and therefore the
J one-parameter approach is no longer valid. On the other hand,
structures with Q‡ 0 exhibit high stress triaxiality, good
agreement with the HRR fields, and are, consequently, highly
constrained components.

From Eq (3), Q may be evaluated as the difference between
the actual full-stress field, and the HRR field as follows:

Q ¼ ðrhhÞFEM � ðrhhÞHRR
r0

ðEq 4Þ

for h = 0 and normalized distance r = 2J/r0.

3. Finite Element Modeling of Three-Point Bend
Specimen

The three-point bend specimen with a deep crack (a/W =
0.7) shown in Fig. 1 was modeled using three-dimensional
finite elements. Geometric dimensions of the specimen are
L = 102 mm (4¢¢), W = L/4, thickness B = 3.175 mm (1/8¢¢),
and crack to wide ratio a/W = 0.7. Due to load and geometry
symmetry, only one quarter of the specimen need to be
considered, with appropriate boundary conditions imposed on
the planes of symmetry. The in-plane mesh geometry for the
quarter of specimen is shown in Fig. 2. The mesh consists of
six layers of elements through half the plate thickness B. The
in-plane mesh near the crack-tip is shown in Fig. 3, 4. The
crack-tip blunting deformation was simulated by a small notch
radius at the crack-tip. A notch radius of a/1400 was chosen,
with a as the crack length. The in-plane dimension of the
smallest element near the notch tip is a/8400. Finite strain
plasticity and large rotation effects around the crack-tip were
accounted for in the finite element model.

P

W

L

a

Fig. 1 The three-point bend specimen with a deep crack (a/W =
0.7). Geometric dimensions of the specimen are L = 102 mm (4¢¢),
W = L/4, and thickness B = 3.175 mm (1/8¢¢)
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The finite element code Abaqus was used in the analysis of
the quarter specimen using a total number of 4212 high-order
twenty-node, isoparametric elements. Reduced integration
(2 · 2· 2) is used to eliminate artificial locking under incom-
pressible plastic deformation conditions.

The plastic behavior of the A 516 Gr. 70 steel was modeled
using incremental theory with a von Mises yield surface,
associate flow rule, and isotropic hardening. The yield stress is
r0 = 360 MPa, and the Ramberg-Osgood material parameters
are n = 4, and a = 1.

The J-integral around the crack at each load step was
calculated by the domain integral method as is implemented in
Abaqus. The J-values used were obtained as an average of J
from 10 trajectory evaluations around the crack. Crack-tip
opening displacement was obtained from displacements of
nodes at the 90� intercept from the crack-tip, according to the
procedure introduced by Shih (Ref 14).

4. Numerical Results

The variation of load versus load point displacement is
shown in Fig. 5. The variation of J versus the applied load is
shown in Fig. 6.

In Fig. 7, J normalized by J0, evaluated at the center plane,
is plotted against normalized distance, B/t, along the crack front
for different ratios of the applied load P/P0 (P0 is the plane
stress limit load and it is equal to 700 N). It is seen that with
increasing plastic deformation, there is a considerable variation
of J through the thickness with the value at the center being
much higher than that at the free surface.

The CTOD at the half thickness plane of the three-
dimensional specimen is plotted against the load in Fig. 8.

The variation of the CTOD, along the crack front is shown
in Fig. 9 for three different load ratios P/P0. As in the case of J
in Fig. 7, there is a marked variation of the CTOD as plastic
deformation increases, the value at the centerline being larger
than with those at the free surface. This high variation of crack-
tip opening through the thickness is coincident with experi-
mental evidence in which the crack begins to propagate first at
the center of the specimen (tunneling mode of fracture).

The stress component rxx normalized by the yield stress r0

versus tip normalized crack-tip distance x/J/r0 is shown in

Fig. 2 Finite element mesh for the half specimen

Fig. 3 Finite element mesh around the crack-tip

Fig. 4 Detail of the finite element mesh at the crack-tip blunting
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Fig. 5 Load versus load point displacement
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Fig. 10, for different load levels ratio ranging from contained
yielding (P/P0 = 0.46) to large-scale plasticity (P/P0 = 1.6). A
normalizing factor J/ro for the crack-tip distance is convenient
to use because the blunted crack opening is given roughly by
J/r0. This value sets the local size scale on which large strains
and stresses develop and the microscopic ductile fracture
processes occurs.

The full-field finite element results around the crack-tip
together with the HRR asymptotic field results, gives the
triaxiality factor Q according to relation (4). Results of Q values
versus crack-tip distance normalized by J/r0 is shown in
Fig. 11 for a wide range of applied load ratios, from contained
plasticity (P/P0 = 0.46) to a large yield condition (P/P0 = 1.6).

The Q triaxiality parameter shows in the range of 2 < r/(J/
r0) < 7 a small dependence on r, only up to loads of
P/P0 = 0.46, as it has been reported by other investigators.
However, as far as the load ratio increase over the value of
P/P0 = 0.46, the Q factor starts to deviate from the previous
steady value in the region defined by r< 4(J/r0). At higher load
levels, the plastic zone develops a progressive compressive
stress region, starting from the free boundary and gradually
extended to the crack-tip region. For the very near-crack-tip
region, r< 1(J/r0), there is a drastic breakdown in the Q
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behavior. This phenomenon is consistent with the existence of
large nonlinear effects on that region invalidating the HRR
asymptotic stress field based upon small strain theory.

5. Summary and Conclusions

Failure assessment of the integrity of a flawed structure has
been based on the dominance of asymptotically singular crack-
tip field, characterized by a single parameter, such as the
J-integral. The J-integral parameter measures the intensity of
the crack-tip stress/deformation fields around the crack-tip and
has proven to be a viable parameter for predicting ductile crack
initiation and growth under monotonic loading. However, for
specimens with a low crack-tip constraint, the dominance
of single-parameter based singular fields exists only at small
plasticity. At large plasticity, the crack-tip triaxiality of
low-constraint specimens is lower than the predicted by the
single-parameter based singular fields. Consequently, such
specimens often exhibit higher fracture toughness than high-
constraint specimens if the fracture process occurs after large
plastic deformation. This behavior is referred to as constraint
effects in fracture.

Constraint effects in fracture are closely related to the crack-
tip behavior, which is complex because the fracture process
zone occurs close to the crack-tip where finite strain and high
gradient stress/strain exist. Moreover, a finite deformation
blunting of the crack-tip exists and hence, small strain theory
does not model blunting correctly. Strain gradients that develop
around a crack front cause deformation in the local region to be
constrained by the surrounding material. The level of constraint
depends upon the crack configuration and crack location
relative to external boundaries. Finally, constraint effects
produce a three-dimensional crack-tip stress field, which differs
from those in plane strain and plane stress, and strongly
influence fracture behavior. Therefore, for a clear understanding
of the three-dimensional crack-tip field behavior, a full and
detailed three-dimensional finite element analysis needs to be
performed.

In this paper, an accurate and detailed numerical solution of
the asymptotic crack-tip stress field was obtained for a deep
crack in a three-point bend specimen, for an applied load
ranging from contained plasticity (P/P0 = 0.46) to a fully
plastic condition (P/P0 = 1.6). Crack-tip blunting, occurring at
the crack-tip as the load is increasing, was modeled with a small
notch radius at the tip crack.

Numerical results of the stress crack-tip field were used to
evaluate a second fracture mechanics parameter Q, which
conveys the notion of a triaxiality stress condition and is used
as a constraint measure of the crack-tip. A negative value of Q
implies that a low constraint occurs in the cracked structural
component, in such a way that the single one parameter
J-approach does not represent adequately the asymptotic
crack-tip stress field.

The average J-integral values and CTOD exhibit a notable
variation along the crack front with increasing plastic

deformation. This supports the necessary requirement to use a
three-dimensional crack-tip analysis in the specimen.

When the applied load produces a moderate yield condition
in the ligament, typically P/P0 = 0.46 in our specimen, the J-Q
approach represents a good alternative to evaluate the structural
integrity of a three-dimensional cracked structural component.
However, when medium to large yield scale conditions is
attained, the Q triaxiality parameter is markedly dependent of
the position on the fracture process zone. Hence, the J-Q
methodology is invalidated, because the assumed Q indepen-
dence of the spatial coordinates in the near-crack-tip is not
fulfilled.
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